Lesson Worksheet 3

Cosine Formula	
2

	


Task 1: Proof of Cosine Formula using Coordinate Geometry
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Distance Formula


Given two points  and   in a coordinate.
The distance between the points is given by the formula
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Fig. 1a

Fig. 1b
 

Fig. 1a shows a triangle with sides of length  a ,  b ,  c  and    , the angle is opposite the side  c .
This triangle is placed on a rectangular coordinate plane as shown in Fig. 1b.
O  is the origin and the coordinates of  P  are  ( a , 0 ) .
1.	Express the coordinate of Q in terms of  b  and   .  
Q {\displaystyle A=(b\cos \theta ,\ b\sin \theta ),\ B=(a,\ 0),\ {\text{and}}\ C=(0,\ 0)\,.} (           ,            ) 

2.	By the distance formula,

{\displaystyle c={\sqrt {(a-b\cos \theta )^{2}+(0-b\sin \theta )^{2}}}\,.}
Square and expand both sides of the equation : 








3.	Does the proof work for the case when    is an obtuse angle (See Fig. 2) ?
	Explain you answer.             
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Task 2: Using trigonometry 
[image: https://upload.wikimedia.org/wikipedia/commons/thumb/d/d9/Triangle-with-cosines.svg/300px-Triangle-with-cosines.svg.png]Fill in the details of the proof based on Fig. 3
Drop the perpendicular onto the side  c ,𝛾


{\displaystyle c=a\cos \beta +b\cos \alpha \,.}
Multiply both sides by  c  to get

{\displaystyle c^{2}=ac\cos \beta +bc\cos \alpha .}
By considering the other perpendiculars, we can obtain

 ,Fig. 3


{\displaystyle a^{2}=ac\cos \beta +ab\cos \gamma ,}
Adding the latter two equations gives

{\displaystyle a^{2}+b^{2}=ac\cos \beta +bc\cos \alpha +2ab\cos \gamma .}
Subtracting the first equation from the last one we have


{\displaystyle a^{2}+b^{2}-c^{2}=-ac\cos \beta -bc\cos \alpha +ac\cos \beta +bc\cos \alpha +2ab\cos \gamma }
which simplifies to

{\displaystyle c^{2}=a^{2}+b^{2}-2ab\cos \gamma .}

Task 3: Using the Pythagorean theorem

[image: https://upload.wikimedia.org/wikipedia/commons/thumb/e/e6/Obtuse_Triangle_With_Altitude_ZP.svg/200px-Obtuse_Triangle_With_Altitude_ZP.svg.png]d
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Fig. 4a – Obtuse triangle ABC with height BH

Case of an obtuse angle
Using  d  to denote the line segment  CH  and  h  for the height  BH , triangle  AHB  gives us

{\displaystyle c^{2}=(b+d)^{2}+h^{2},}
and triangle  CHB  gives

{\displaystyle d^{2}+h^{2}=a^{2}.}
Expanding the first equation gives

{\displaystyle c^{2}=b^{2}+2bd+d^{2}+h^{2}.}
Substituting the second equation into this, the following can be obtained:

									(in terms of  a ,  b  and  d )
{\displaystyle c^{2}=a^{2}+b^{2}+2bd.}

Note that		{\displaystyle d=a\cos(\pi -\gamma )=-a\cos \gamma .}











Case of an acute angle
[image: https://upload.wikimedia.org/wikipedia/commons/thumb/0/07/Triangle_with_trigonometric_proof_of_the_law_of_cosines.svg/319px-Triangle_with_trigonometric_proof_of_the_law_of_cosines.svg.png]
Fig. 4b – A short proof using trigonometry for the case of an acute angle

Case of an acute case
Using more trigonometry, the Cosine Formula can be deduced by using the Pythagorean theorem only once. In fact, by using the right triangle on the left hand side of Fig. 4 it can be shown that:

{\displaystyle {\begin{aligned}c^{2}&{}=(b-a\cos \gamma )^{2}+(a\sin \gamma )^{2}\\&{}=b^{2}-2ab\cos \gamma +a^{2}\cos ^{2}\gamma +a^{2}\sin ^{2}\gamma \\&{}=b^{2}+a^{2}-2ab\cos \gamma ,\end{aligned}}}








{\displaystyle \cos ^{2}\gamma +\sin ^{2}\gamma =1.}
If  b < a cos   , how will you modify the above proof? 
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